Index

Introduction

The index consists of two parts: a notation index and a word index. The notation index contains symbols such as ‘∘∘’ or ‘≪’, words and abbreviations in special fonts, e.g. ‘ext’ and ‘CONT’. The symbols are ordered by visual appearance and related meaning, whereas the abbreviations are ordered primarily by font, and secondarily alphabetically. The word index is to be used to look for (more or less) usual English words.

Notation index

⊥ (don’t know), 198 L→ (lower implication), 251 U→ (upper implication), 251 [X → Y] (function domain), 49 [X^{rlin}→ Y] (right linear functions), 173 ↓x (lower cone), 34 ↓ (lower closure), 35 ↓^0x (isolated points below x), 83 ⇓x (points way-below x), 89 ↑x (upper cone), 34 ↑ (upper closure), 35 ⇑x (points way-above x), 89 ↕ (convex hull), 37

−∧ (formal conjunction), 134 −∨ (formal disjunction), 131 ⊆_f (finite subset), 29 ⊑ (logical order), 201 ≪ (way-below), 89 · (‘algebraic’ product), 133, 139, 142 ⊓ (binary glb), 38, 77, 91, 103, 200 ⊔ (binary lub), 38, 76

u (greatest lower bound = glb = infimum), 38 ⨆ (least upper bound = lub = supremum), 38 ¬ (negation), 199, 240 a − b = a · ¬b, 251 ∘ (composition), 29, 48, 51 ∘∘ (marrying), 271 → ⋆ (doubly extended ⋆), 129 ← ⋆ (dually doubly extended ⋆), 129 × (Cartesian combinator), 51 × (binary Cartesian product), 34 ×-conform, 70, 105 → × (formal Cartesian product), 130 ← × (dual formal Cartesian product), 130 ≈_L (lower equivalent), 272 ≈_U (upper equivalent), 272 f : [X → Y], 50 f[A] (image of a subset), 29 f^{−1}[B] (inverse image), 29 f_x = λy. f (x, y), 41, 49 f^y = λx. f (x, y), 41, 49 A (d-closure of A), 53 f (extension of f, also extf), 124 c (= λx. c), 125, 137 ~p (negated predicate), 240 {|.|} (formal singleton map, also ι), 124 -0 (formal empty set), 123 −∪ (formal binary union), 123 −? (lower approximation), 202 −! (upper approximation), 203 ⋄ (the unique point of 1), 33 1 (one-point domain {⋄}), 33 2 (two-point domain {⊥ < ⊤}), 33, 55 ι (formal singleton map, also {|.|}), 124 π_k (projection to dim. k), 34, 48

277 σ_x = λy. (x, y), 68 σ^y = λx. (x, y), 68 AX (Alexandroff space), 59 ΔX (poset of (T0)-space X), 61 ∏ i∈I (Cartesian product), 34, 48 ΣX (Scott space), 59 ΩX (domain of open sets of X), 55 (A), 127 (C), 127 (N), 127 (P1), 125, 127 (P1·), 133 (P1f), 135 (P2), 125, 127 (P2·), 133 (P2f), 135 (P3), 125, 127 (P3·), 133 (P3f), 135 (S1), 125, 127 (S1·), 133 (S1f), 135 (S2), 125, 127 (S2·), 133 (S2f), 135 (S3), 125, 127 (S3f), 135 (S4), 125, 127 (S4·), 133 (S4a·), 133 (S4f), 135 (SY·), 133 (SYf), 135 (T0)-spaces, 61 (T1)-spaces, 61, 73 (T2)-spaces, 62, 107 c (core), 156, 165 e (existential restriction), 172 X^0 (isolated points of X), 82 M condition, 252 M condition, 252 R-X-linear map, 155 R-X-submodules, 156 R-constructions, 142

S (sandwich condition), 241 S condition, 246 U (formal big union), 129 def P (class where P is defined), 122 ex (existential quantification), 131, 142 ext (extension functional), 124 filter (filtering), 135, 142 id (identity), 48 map (mapping functional), 129 max S (set of maximal points of S), 41 min S (set of minimal points of S), 41 ne (non-emptiness), 132, 142 F (false), 131, 198 M, 77 T (true), 131, 198 W (contradiction), 198 cl (closure)

generic closure, 30 Scott closure, 72 topological closure, 59 cl_S (Scott closure), 54 co (complement), 29 B (Boolean semiring {⊥ < [0, 1]}), 33, 198 B (dual Boolean semiring {[0, 1] < ⊤}), 199 C (convex semiring {0, 1}), 197 D (double semiring {⊥ < [0, 1] < ⊤}), 198 L (lower semiring {0 < 1}), 197 L-U-linear, 235 L-U-modules, 235 L-U-X-linear, 235 L-U-X-modules, 235 N^′ (lazy naturals), 33 N^∞_0 (ascending naturals {0 < 1 < · · · < ∞}), 33 U (upper semiring {1 < 0}), 197 C (convex power construction), 141, 197, 256 D (final D-construction), 239 E (existential quantification), 132, 142 F(A) (finitary upper environments of A), 104, 224 F^′(A) (finitary upper supersets of A), 111, 231

FO(A) (finitary open supersets of A), 105 G(C) (open sets meeting C), 213 I (ideal completion), 88 K(O) (compact upper subsets of O), 220 K_S(O) (strongly compact upper subsets of O), 230 L (lower power construction), 140, 197, 210 L_Γ (lower p.c. by grills), 211 L_C (lower p.c. by closed sets), 213 L_f (lower p.c. by predicates), 210 M (mixed power constr.), 141, 198, 253 M in terms of B-predicates, 266 M-C-theorem, 257 M (dual mixed power construction), 255 O(A) (open supersets of A), 59, 63 O(x) (open sets containing x), 59 P^0X (empty part), 207 P^1X (non-empty part), 207 P^R_f (final R-construction), 173 P_{fin} (power set of finite sets), 126, 266 P_{set} (full power set), 126, 266 S (sandwich power constr.), 141, 198, 241 S (dual sandwich p.c.), 246 SS construction, 248 ST construction, 248 T construction, 248 T S construction, 248 U (upper power construction), 140, 197, 217 U_Φ (final upper p.c. by filters), 218 U_K (upper p.c. by compact sets), 219, 229 U_K -admitting, 228 U_S (upper p.c. by strongly compact sets), 227, 229 U_S -admitting, 228 U_S -conform, 232 U_f (final upper p.c. by predicates), 217 U_s (upper p.c. by strong filters), 227 ALG (algebraic domains), 83 BC (bounded complete domains), 75, 86, 94 CC (complete domains), 76, 86, 200 CI monoids, 199 CONT (continuous domains), 89

DIS (discrete domains), 73 DOM (class of domains), 73 DOM_⊥ (domains with least element), 73 F-ALG (finitely algebraic), 93 F-CONT (finitely continuous), 93 FC (finitarily complete domains), 77, 111 FIN (finite domains), 73 K-RD domains, 111, 228 KC (compactly complete domains), 79, 86 L-COMP (locally compact), 101 M-ALG (multi-algebraic), 101 M-CONT (multi-continuous), 101 S-RD domains, 111, 229 SC (strongly compactly complete), 79, 86, 95 SOB (sober domains), 110

Word index

actual sets, 123 additive functions, 124 additive semirings, 149 admitting

U_K -admitting, 228 U_S -admitting, 228 Alexandroff space AX, 59 algebraic domains (ALG), 83 algebraic spaces, 84 antisymmetry, 32 application, 50 approximation

– lower −?, 202 – upper −!, 203 ascending naturals N^∞_0 , 33

base X^0 of algebraic domains, 83 base of

CX, 260 LX, 216 MX, 260 MX, 260 SX, 245, 260 SX, 260 U_K X, 222 big set domain construction, 141, 198 big union, formal U, 129 binary glb ⊓, 77, 91, 103 binary lub ⊔, 76 Boolean semiring B, 33, 198 bounded, 37 bounded complete domains (BC), 75, 86, 94 bounded complete posets, 73 bounded completeness

not preserved by M and C, 262 of SX, 261 of SSX, 262

cardinality

of cores M^c, 156 of d-closures A, 53 of Scott closures cl_S A, 54 Cartesian closedness

of classes of domains, 72 of DIS, 73 of F-ALG and F-CONT, 95 of FIN, 73 of the category of domains DOM, 51 Cartesian combinator ×, 51 characteristic semiring, 140 closed sets, 59, 213 closure

convex hull ↕, 37 d-closure A, 53 generic closure cl , 30 lower closure ↓, 35 Scott closure (cl_S or cl ), 54, 72 topological closure cl , 59 upper closure ↑, 35 cofinal, 46 commutation

of L and U_i, 237 of L and U_S , 232 commutative monoids, 123 commutative semiring, 139 commutativity of power constructions, 144 compact sets, 65, 108 compactly complete domains (KC), 79, 86 complement co , 29 complete domains (CC), 76, 86, 200 complete lattices, 76 composition ∘, 29, 48, 51 comprising filters, 108 condition M, 252 condition M, 252 condition S, 241 condition S, 246 conform

×-conform, 70, 105 U_S -conform, 232 conjunction, formal −∧ , 134 consistent second order predicates, 241 construction, 122 continuous domains (CONT), 89 continuous extension on algebraic domains, 87 continuous functions

between topological spaces, 63 defined by directed sets, 47 defined by Scott closed sets, 54 defined by Scott open sets, 54 continuous spaces, 90 convex, 36 convex hull ↕, 37 convex power construction C, 141, 197, 256 convex semiring C, 197 core

and product, 188 of a power construction, 165 of an R-X-module M^c, 156 of the final construction, 181 currying, 50

d-closed, 51 d-closure A, 53 d-open, 52 d-space, 59 De Morgan’s formulae, 240 deflation, 93 degenerated power construction, 146 degree of multiplicity, 101 derived operations for D by topology, 240 in L_C , 214 in L_Γ, 212 in U_Φ, 218 in U_K , 221 in final constructions, 178 difference a − b = a · ¬b, 251 directed closed (d-closed) set, 51 directed complete posets (domains), 47 directed families, 44 directed lubs (limits), 47 directed sets, 44 discrete posets, 33, 73, 85 disjunction, formal −∨ , 131 domain classes

×-conform, 70, 105 U_K -admitting, 228 U_S -admitting, 228 U_S -conform, 232 ALG (algebraic), 83 BC (bounded complete), 75, 86, 94 CC (complete domains), 76, 86, 200 CONT (continuous domains), 89 DIS (discrete), 73 DOM (domains), 73 DOM_⊥ (with least element), 73 F-ALG (finitely algebraic), 93 F-CONT (finitely continuous), 93 FC (finitarily complete), 77, 111 FIN (finite), 73 K-RD, 111, 228 KC (compactly complete), 79, 86 L-COMP (locally compact), 101 M-ALG (multi-algebraic), 101 M-CONT (multi-continuous), 101 S-RD, 111, 229 SC (strongly compactly complete), 79, 86, 95 SOB (sober), 110 admitting

U_K-admitting, 228 U_S -admitting, 228 algebraic (ALG), 83 bounded complete (BC), 75, 86, 94 compactly complete (KC), 79, 86 complete domains (CC), 76, 86, 200 conform

×-conform, 70, 105 U_S -conform, 232 continuous domains (CONT), 89 finitarily complete (FC), 77, 111 finitely algebraic (F-ALG), 93 finitely continuous (F-CONT), 93 locally compact (L-COMP), 101 multi-algebraic (M-ALG), 101 multi-continuous (M-CONT), 101 overview, 115 sober (SOB), 110 strongly compactly complete (SC), 79, 86, 95 domain hierarchy, 115 domains (directed complete posets), 47 double extension, 129 double semiring D, 198 dual Boolean semiring B, 199 dual mixed construction M, 255 dual poset, 33 dual sandwich p.c. S, 246

embedding, 39, 88 empty set, formal -0, 123 environment, 59 existential quantification E, 132, 142, 176 existential quantification ex, 131, 142 existential restriction, 171 extension function ext = −, 124 extension of a function, 124

factorization

of linear maps, 187 of linear power homomorphisms, 191 of modules, 186 of power constructions, 189 faithful constructions, 146 filtering filter, 135, 142 filters

comprising filters, 108 general filters, 108 open filters, 108, 218, 242 prime filters, 108 strong filters, 226 final

B-construction, 264 C-construction, 266 D-construction D, 239 lower construction, 210 power constructions, 154, 173 upper construction, 217 finality and product, 185 finitarily complete domains (FC), 77, 111 finitarily complete posets, 77 finitary sets, 32, 43 finite linear combinations, 142 finite posets, 73, 84 finitely algebraic domains (F-ALG), 93 finitely complete posets, 75 finitely continuous domains (F-CONT), 93 finitely generable, 67 fixed point theorem, 73 flat poset, 33 formal sets, 123 free R-X-modules, 158 free sandwich algebras, 272 function domain [X → Y], 49 functor, 96

glb (greatest lower bound) u, 38 greatest element, 32, 41 greatest lower bound (glb) u, 38 grills, 211, 242 ground domain, 123

homomorphisms

linear power h., 153 monoids, 124 power constructions, 150 sandwich, 271 semirings, 139

ideal completion I, 88 ideals, 46 idempotent function, 93 idempotent semiring, 139 image of a subset, 29 implication

lower^L→, 251 upper^U→, 251 infimum u, 38 initial

lower construction, 215 power constructions, 154, 169 upper construction, 225 initiality

and product, 189 of MX and CX, 263 interpolation property, 90 inverse image of a subset, 29 irreducible closed sets, 106 iso-finite sets, 82 isolated points, 82 isomorphisms

domains, 49 posets, 39 power constructions, 151 semirings, 142

lazy naturals N^′, 33 least element, 32, 41 least element

of final power domains, 180 of reduced R-X-modules, 158 of reduced power domains, 167 least fixed point, 73 least upper bound (lub) ⨆ , 38 left linearity, 139 left modules, 139 limits (directed lubs), 47 linear maps

R-X-linear, 155 L-U-linear, 235 L-U-X-linear, 235 left linear, 139 right linear, 140 linear power homomorphisms, 153 locally compact domains (L-COMP), 101 locally continuous, 96 logical order ⊑, 201 logically monotonic, 201 lower approximation −?, 202 lower bound, 38 lower closure ↓, 35 lower cone ↓x, 34 lower equivalent, 272 lower implication^L→, 251 lower power construction L, 140, 197, 210 lower semiring L, 197 lower set, 34 lub (least upper bound) ⨆ , 38

mapping functional map, 129 marrying ∘∘, 270 maximal, 41 maximal points of S (max S), 41 minimal, 41 minimal points of S (min S), 41 mix algebras, 204 mixed power construction M, 141, 198, 253 modules

R-X-modules, 155 R-X-submodules, 156 B-modules, 205 B-modules, 205 C-modules, 199 D-modules, 205 L-modules, 199, 200 L-U-modules, 235 L-U-X-modules, 235 U-modules, 200 core of an R-X-module, 156 free R-X-modules, 158 left modules, 139 over proper rings, 148 reduced R-X-modules, 157 right modules, 139 monoids

CI monoids, 199 commutative, 123 homomorphisms, 124 monoid domains, 123 monotonic, 39 morphism (= continuous function), 47 multi-algebraic domains (M-ALG), 101 multi-continuous domains (M-CONT), 101 multi-power constructions, 141

natural transformation, 152 negated predicate ~p, 240 negation ¬, 199, 240 non-emptiness ne, 132, 142 non-empty part P^1X, 207, 262 non-sober domains, 114

omniscient second order predicates, 246 one-point domain 1, 33 open filters, 108, 218 open grills, 211 open sets, 59 order, 32 order continuity of functions, 47

partial construction, 122 partial order, 32 Plotkin power construction, 141 poset, 32 posets

bounded complete posets, 73 discrete posets, 33, 73, 85 embedding, 39, 88 finitarily complete posets, 77 finite posets, 73 finitely complete posets, 75 isomorphisms, 39 power (domain) construction, 123 power constructions

R-constructions, 142 C (convex p.c.), 141, 197, 256 D (final double p.c.), 239 L (lower p.c.), 140, 197, 210 L and U_i commute, 237 L and U_S commute, 232 M (mixed p.c.), 141, 198, 253 M (dual mixed p.c.), 255 S (sandwich p.c.), 141, 198, 241 S (dual sandwich p.c.), 246 SS construction, 248 ST construction, 248

T construction, 248 T S construction, 248 U (upper p.c.), 140, 197, 217 Cartesian product, 183 commutativity, 144 convex p.c. C, 141, 197, 256 core formation, 165 definition, 123, 127 degenerated, 146 dual mixed p.c. M, 255 dual sandwich p.c. S, 246 existential restriction, 171 factorization, 189 faithful, 146 final, 154, 173, 176 final double p.c. D, 239 final lower, 210 final upper, 217 four kinds, 145 homomorphisms, 150 initial, 154, 169 initial upper, 225 isomorphisms, 151 linear homomorphisms, 153 lower p.c. L, 140, 197, 210 mixed p.c. M, 141, 198, 253 multi-power constructions, 141 Plotkin’s, 141 real ones, 144 reduced, 166 and retracts, 168 sandwich p.c. S, 141, 198, 241 sub-constructions, 164 symmetry, 130, 144 unique additive extensions, 145 unique linear extensions, 145 upper p.c. U, 140, 197, 217 power domain, 123 power domain of non-empty sets P^1X, 207 power homomorphisms

general, 150 linear, 153 power isomorphism, 151 power set, 29, 33, 85 power set formation, 126, 266 pre-order, 32 preserving a domain class, 97 primary axioms of extension, 125 prime filters, 108 product

Cartesian product

and closure, 69 and continuity, 48 and directed sets, 46 and K-RD and S-RD, 112 and least upper bounds, 39 and lower closure ↓, 36 and monotonicity, 41 and sobriety, 111 and upper closure ↑, 36 in topological view, 68 of domains, 47 of formal sets^→×^←×, 130 of modules, 182, 183 of multi-continuous domains, 105 of posets, 34 of power constructions, 183 of semirings, 183 of strongly compact sets, 70 external product

from the left, 133, 142 from the right, 136, 142 projection π_k, 34, 41, 48 property M, 77, 87

R-X-module, 155 real power construction, 144 reduced R-X-modules, 157 reduced power constructions, 166 reducedness

and product, 189 of MX, 264 of U_K , 222 of sandwich power domains, 250 reflexivity, 32 retract, 97 retract closed classes, 97 retracts and domain continuity, 99 and functors, 99 and K-RD and S-RD, 112 and power constructions, 168 and sobriety, 110 right linearity, 140, 173 right modules, 139 ring, 148 Rudin classes (K-RD and S-RD), 111 Rudin’s Lemma, 56–57, 111

sandwich algebra, 270 sandwich homomorphism, 271 sandwich power construction S, 141, 198, 241 sandwich theory, 270–274 Scott closed, 54 Scott closure (cl_S or cl ), 54 Scott open, 54 Scott space ΣX, 59 secondary axioms of extension, 125 semiring domain, 139 semiring homomorphism, 139 semirings

additivity, 149 Boolean semiring B, 198 commutativity, 139 convex semiring C, 197 definition, 139 double semiring D, 198 dual Boolean semiring B, 199 homomorphisms, 139 idempotence, 139 and lattices, 139 lower semiring L, 197 proper rings, 148 sub-semirings, 165 tropical semiring, 142 upper semiring U, 197 set domain constructions, 141, 198 small set domain construction, 141, 198 sober domains (SOB), 110 sobriety

a non-sober domain, 114 and Cartesian product, 111 and retracts, 110 by irreducible closed sets, 107 by open filters, 109 by prime filters, 109 implies K-RD, 111 of domains, 110 of multi-continuous domains, 110 specialization pre-order, 60 strong filters, 226 strongly compact, 67 strongly compactly complete (SC), 79, 86, 95 structurally algebraic semirings, 161 sub-construction, 164 sub-domains, 51 sub-semiring, 165 supremum ⨆ , 38 symmetry of power constructions, 130, 144

topological continuity, 63 topological space, 59 total construction, 122 transitivity, 32 tropical semiring, 142, 149, 161 two-point domain 2 = {⊥ < ⊤}, 33, 55

union, formal −∪ , 123 unique additive extensions, 145 unique extensions

counterexample final C-construction, 267 in final constructions, 180 unique linear extensions, 145 upper approximation −!, 203 upper bound, 37 upper closure ↑, 35 upper cone ↑x, 34 upper equivalent, 272 upper implication^U→, 251 upper power construction U, 140, 197, 217 upper semiring U, 197 upper set, 34

way-below, 89 Zorn’s Lemma (for domains), 47